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C^l . Abstract. In this paper we investigate Lie bialgebra structures on the twisted 

c^ ■ Heisenberg-Virasoro algebra. With the determination of certain Lie bialgebra struc- 

tures on the Virasoro algebra, we determine certain structures on the twisted Heisen- 
berg -Virasoro algebra. Moreover, some general and useful results are obtained. 
With our methods and results we also can easily to determine certain structures on 
some Lie algebras related to the twisted Heisenberg-Virasoro algebra. 
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(^ ■ including the Schrodinger- Virasoro Lie algebra, the Lie algebra of Weyl type, the 



Witt type Lie bialgebras were studied in [15, 16, 20, 17], whose generalized cases 
were considered in [19, 21]. Lie bialgebra structures on some Lie (super) algebras 



N = 2 superconformal algebra, were investigated case by case in [8], [6], [24], [12], 
[23], etc.. However, the calculations in these papers are very complicated. These 
algebras are all related to the twisted Heisenberg-Virasoro algebra, which has been 
first studied by Arbarello et al. in [1], where a connection is established between the 
second cohomology of certain moduli spaces of curves and the second cohomology 
of the Lie algebra of differential operators of order at most one. Moreover, the 
twisted Heisenberg-Virasoro algebra has some relations with the full-toroidal Lie 
algebras and the N = 2 super conformalalgebra, which is one of the most important 
algebraic objects in superstring theory. The structure and representations for the 
twisted Heisenberg-Virasoro algebra was studied in [1], [2], [18], [14], [10] and [11] etc. 
However, Lie bialgebra structures on the twisted Heisenberg-Virasoro Lie algebra 
have not yet been considered. Drinfel'd [4] posed the problem whether or not there 
exists a general way to quantize all Lie bialgebras. Although Etingof and Kazhdan 
[5] gave a positive answer to the question, they did not provide a uniform method 
to realize quantizations of all Lie bialgebras. As a matter of fact, investigating Lie 
bialgebras and quantizations is a complicated problem. 



2 DONG LIU, YUFENG PEI, AND LINSHENG ZHU 

In this paper, we shall obtain some Lie bialgebra structures on the twisted 
Heisenberg-Virasoro algebra. Moreover we obtain some general results for this kinds 
of Lie algebras and provide a uniform method (no need some complicated calcula- 
tions) to obtain Lie (super)bialgebra structures on a series of Lie (super) algebras 
related to twisted Heisenberg-Virasoro algebra, including the Lie algebra of differen- 
tial operators, the Schrodinger-Virasoro algebra, the N = 2 superconformal algebra, 
etc.. 

We note that the center of the twisted Heisenberg-Virasoro algebra is 4-dimensional, 
which is different from the above algebras whose centers are no more than one- 
dimensional. So our construction is new and it has the potential to construct more 
Lie bialgebra structures. 

Throughout the paper, we denote by Z+ the set of all nonnegative integers and 
Z* (resp. C*) the set of all nonzero elements of Z (resp. C). 

2. Basics 

2.1. The twisted Heisenberg-Virasoro algebra. By definition, as a vector space 

over C, the twisted Heisenberg-Virasoro algebra £ has a basis {Lm, Im, Cl, Cj, Cli \ 
m G Z}, subject to the following relations: 

[L„, Ln] = {n- m)Lm+n + Sm+n,o-nj{m^ - m)CL; 

[C,Cl] = [C,Ci] = [C,Cli\=Q. (2.1) 

Clearly the Heisenberg algebra H = C{Im, Cj \ m E 1^} and the Virasoro 
algebra = C{Lm, C^ | m G Z} are subalgebras of C Moreover, £ = ©m.gz£m, 
where Cm = C{Lm,Im} © ^m.oCjC/, C^, C/,/}, is a Z-graded Lie algebra. Clearly 
Z = {Iq, Cli, Cl, Ci} is a basis of the center C of C 

Let C[t,t~^] be the algebra of Laurent polynomials over C. Denote Q = 
DiffC[t,t^^] by the Lie algebra of differential operators over C[t,t^^]. Denote by 
D = td then as a vector space over C, Q = SpanQ{t"^D"- | m G Z, n G N} with Lie 
bracket 

^^mjjn^^rmjjm ] ^ ^m+mi j ^ ( "" J^D"+"^-^ - ^ ( ""M m^D"+"i-J' j . (2.2) 

Let Qi be subalgebra of the Lie algebra Q of differential operators generated 
by {t'^,t"^D I m G Z}. Then Qi is isomorphic to the centerless twisted Heisenberg- 
Virasoro algebra by f^D to Lm and t™ to Im- 
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Let M be a Z-graded £-module. Denote by Der(£, M) the set of derivations 
(j) : C ^ M, namely, is a linear map satisfying 

(f){[x,y]) =x-(f){y)-y-(f){x), (2.3) 

and the set Inn(£, M) consisting of the derivations f inn, v G M, where finn is the 
inner derivation defined by fjnn : x \-^ x -v. Then it is well known that H^{C, M) = 
Der(£, M)/Inn(£, M), where H^{C,M) is the first cohomology group of the Lie 
algebra C with coefficients in the £-module M. 

A derivation G Der(£, M) is homogeneous of degree m G Z if (/){Cp) C Mm+p 
for all p G Z. Denote Der(£, M)m = {0 G Der(£, M) | deg0 = m} for m Eli. Let 
be an element of Der(£, M). For any m G Z, define the linear map 0m, : L ^r M 
as follows: For any u E Cq with g G Z, write 0(-u) = Ylipe tl ""p with Up G Mp, then 
we set (pm{u) = Uq+rn- Obviously, 0m. G Der(£, M)m and we have 

<P=E<Pm, (2.4) 

mGZ 

which holds in the sense that for every u E C, only finitely many (f)rn{u) 7^ 0, and 
4'i'^) = XlmG z4'm{u) (wc Call such a sum in (2.4) summable). 

It is well known that C is the universal central extension of ^i(see [1]). 

Lemma 2.1. [18] H^{C,C) = 1), where 1) is consist of the following derivations x- 
x{Ln) = {an + 7)4 + (5„,o(7 + ct)CLi, 

X{In) = pin + Vo(a + l)Cl, 

x{Cl) = -2AaCu, x{Cli) = PCu - aC,, x(C/) = 2/3C,, 

where a, /3, 7 G C, n G Z. 

The following lemma is very useful to investigate Lie bialgebra structures for 
some Lie algebras related to the Virasoro algebra. 

Lemma 2.2. Suppose that q = ^n&Qn ^-^ '^ l^-graded Lie algebra with a finite 
dimensional center Cg, and go is generated by {Qn,n 7^ 0}, then 



H\q, Cg ® g + ® Cg)o = Cg ® H\g, g)o + H\q, g)o ® C, 



0' 



where for any Zi®a' + a" ®Z2 G Cg(8)Der(g, g) +Der(0,0)(g)Cg, Zi®a' + a" ®Z2 is an 
element ci/Der(g,Cg (g)g + g(g)Cg) by {zi® a' + a" ® Z2){x) = zi®a'{x) + a"{x) ® Z2. 

Proof. Suppose that r = dimCg, and Cg = Cj^i, -22, ■ ■ ■ , Zr}, then for any n 7^ 0, 
X G g„, a{x) = Y^i=iCri{x)®Zi + Y7i=i^i®'^i{^) for some a-, a'/ G Home (g,g). Then 
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applying o" to [x, y] for any x E Qm,y ^ Qn with m + n ^ 0, we have 

o"i([a;, y]) (S)Zi + Zi(g) a-{[x, y]) 
= [(^iix),y] ® ^i + [x, or-{y)] (g)Zi + Zi(g) [a-{x),y] + Zi (g) [x, a-{y)]. 
Then 

(^iilx^y]) = Wiix),y] + [x,(^iiy)]- 

Since go is generated by {g„,n 7^ 0}, then a induces derivations <7i,a'/ G 
Der(g,g) for i = 1,2--- ,r. Moreover a is an inner derivation if and only if all 
0"^, a'/, i = 1,2,- ■ ■ ,r are inner derivations. D 

2.2. Lie bialgebras. Let us recall the definitions related to Lie bialgebras. Let L 

be any vector space. Denote C, the cyclic map oi L^L^L, namely, C,{xi^X2^Xs) = 
X2 ^ X3^ Xi for Xi, X2, X3 G L, and r the i(wsi ma]:> of L ^ L, i.e., r(x ®y) = y®x 
for x,y E L. The definitions of a Lie algebra and Lie coalgebra can be reformulated 
as follows. A Lie algebra is a pair (L, 5) of a vector space L and a bilinear map 

5 : L® L ^ L with the conditions: 

Ker (1 - r) C Ker 5, 5 ■ {I ® 5) ■ {I + i + i'^) = Q : L ® L ® L ^ L. 

Dually, a Lie coalgebra is a pair (L, A) of a vector space L and a linear map A : 
L ^ L® L satisfying: 

Im A C Im(l - r), {1 + ^ + i'^) ■ {I ® ^) ■ ^ = Q : L ^ L ® L ® L. (2.5) 

We shall use the symbol "■" to stand for the diagonal adjoint action: 

X ■ {Y^tti (g) hi) = Yli[x, o-i] ®hi + at® [x, h]). 

i i 

A Lie bialgebra is a triple (L, S, A) such that (L, S) is a Lie algebra, (L, A) is a Lie 
coalgebra, and the following compatible condition holds: 

AS{x'S)y) = X- Ay -y ■ Ax, ^ x,y e L. (2.6) 

Denote U the universal enveloping algebra of L, and 1 the identity element of U. 

For any r = ^^ ai ®bi E L ® L, define c(r) to be elements oi U ® U ® U hj 

where r^^ = Xli "^j ® ^« ® I5 ''^^^ = J2i «« ® 1 ® ^i, '''^^ = J2i 1 ® Oj (g) fej. Obviously 
c{r) = Y.lO'i^ %] ® &i ® bj + X^Oj ® [&j, flj] 6j + X]oi ® aj [fej, 6^]. 

hj id i,j 
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Definition 2.3. (1) A coboundary Lie bialgebra is a 4-tuple {L,S, A,r), where 
(L, (5, A) is a Lie bialgebra and r G Im(l — t) C L ® L such that A = A^ is a 
coboundary ofr, where A^ is defined by 

Ar{x) = X ■ r for x E L. (2-7) 

(2) A coboundary Lie bialgebra (L, 6, A, r) is called triangular if it satisfies the 
following classical Yang- Baxter Equation (CYBE): 

c{r) = 0. (2.8) 

(3) An element r G Im(l — r) C L®-/^ is said to satisfy the modified Yang-Baxter 
equation (MCYBE) if 

X- c{r) = 0, M X eL. (2.9) 

Lemma 2.4. Regard £®" (the tensor product of n copies of C) as an £-module 
under the adjoint diagonal action of C. Suppose r G C®"" satisfying a; ■ r = 0, V 

X G L. Then r G C^", where C£ is the center of C. 

Proof. It can be proved directly by using the similar arguments as those presented 

in the proof of Lemma 2.2 of [22](also see the proof Lemma 2.5 of [9]). D 

Lemma 2.5. Let L be a Lie algebra and r G Im(l — r) G L ^ L, then 

(l + e + C^)-(l® Ar)-A,(a;) = x-c(r), V a: G L, (2.10) 

and the triple {L, [■, ■], A^.) is a Lie bialgebra if and only if r satisfies MCYBE (2.9). 
Proof. The result can be found in [3, 4, 17]. D 

The Lie bialgebra structures over the Witt algebra W (the centerless Virasoro 
algebra) and the Virasoro algebra o were determined in [17]. 

Proposition 2.6. [17, 19] For the Witt algebra W and the Virasoro algebra 0, 
H^(W, W ® W) = H^{x), o) = 0, and every Lie bialgebra structure onW or x> is 
triangular coboundary. 

3. Lie bialgebra structures on the twisted Heisenberg- Virasoro 

ALGEBRA 

Regard V = £(8)£ as a £-module under the adjoint diagonal action,then C and 
V are both Z-graded. Now we shall calculate H^{C,V) for the twisted Heisenberg- 
Virasoro algebra C with Proposition 2.6, and then determine Lie bialgebra structures 
on the algebra. 

For any 6 elements a, a''",/?, /?''", 7, 7^ G C and Zi,z[.,Wi,w\ G Z, one can easily 
verify that the linear map q : C -^V defined below is a derivation: 
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g{Ln) = {na + 7)2:1 (g) /„ + {na'' + 'y^)In ® 4 

+Sn,o ((7 + a)zi (g) Cli + (7^ + a^)CLi 4) , 
0{ln) = I3wi /„ + (3^ In 0wl + 5n,o ((7 + a)zi Cl + {^f^ + a^)Ci zf^ , 

^(Ci) = -2A{azi®CLi + a^CLi®4), 

q{Cli) = {Pwi^CLi + P^CLi^wl)-{azi^Ci + a^Ci^zl), 
g(Cj) = 2{l3wi(g)Cj + l3^Cj(g)wl), neZ,ZieZ,i = l,2,3,A. (3.1) 

Clearly g is an outer derivation of Der(£, £ (g) £) if a, a\ (3, /?''", 7, 7''' are not zeros. 
Denote V the vector space spanned by the such elements g over C Let V^ be the 
subspace of V consisting of elements g such that p{C) C Im(l — r). Namely, V^ 
is a subspace of V consisting of elements g with a = —a\ /3 = — /3^, 7 = — 7^ 
2:1 = -zjjtui = wl- 

The main results of this paper can be formulated as follows. 
Theorem 3.1. (i) Der(£, V) = Inn(£, V)®V and H\C, V) = V. 

(ii) Let (£, [■,■], A) be a Lie bialgebra such that A has the decomposition A^ + o" 
with respect to Der(£, V) = Inn(£, V) © V, where r G V(modC © C) and 
a E V. Then, r G Im(l — r) and a G V^. Furthermore, {C, [■,■], a) is a Lie 
bialgebra provided a G T>^ . 

Proof. For any (/? G Der(£, V), we first claim that if m G Z* then ip^ G Inn(£, V). 
To see this, denote 7 = m^^ipmi.Lo) G Vm- Then for any a;„ G £„, applying ip^ to 
[Lo, Xn] = nxn and using V9m(x„) G V„+m, we obtain (m + n)v9„(a;„) - a:„ ■ Pm{Lo) = 

Lq ■ ipm{Xn) - Xn " V^m(-^o) = np„,{Xn), i.e., (/5m(x„) = 7inn(a;„). ThuS (/?„ = 7inn IS 

inner. 

We can claim that p{Lq) = 0(modC ® C). Indeed, for any p G Z and Xp G Cp, 

applying p to [-^o,a;p] = pxp, one has Xp ■ (p{Lo) = 0(modC © C). Thus by Lemma 

2.4, ^(Lo) =0(modC®C). 

Now we claim that for any p G Der(£, V), (2.4) is a finite sum. To see this, one 
can suppose pn = ("U^rJinn fo^ some w}^ G V„ and n El/ . If Z' = {n E Z* \ 10}^ j^ 0} is 
an infinite set, then (p{Lo) = V^(-^o) + Z]nGZ' Lq-w}^ = V^(-^o) + Z]nGZ' ^""^n is an infinite 
sum, which is not an element in V, contradicting the fact that (/? is a derivation from 
C to V. This together with Proposition 3.3, 3.4 below proves Theorem 3.1(i). 

By definition, the algebra t) = C{/„, C/, Cl, Cli | ^ G Z} is an ideal of C 
Set "H = C ^ I) + [) ^ C, then "H is a £-submodule of V. The exact sequence 
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— )■ "H — )■ V — )■ V /l-L — )■ induces a long exact sequence 

of Z-graded vector spaces, where all coefficients of the tensor products are in C, and 
/C = V/Ti is the quotient £-niodule, on which P) acts trivially. Clearly H^{C, /C) = 
IC^ = {x e IC \ C ■ X = 0} = 0. Then H\C,n) = H\C,V) if we prove that 
H\C,IC) = 0. 

Proposition 3.2. H\C,IC) = 0. 

Proof of Proposition 3. 2. 

The exact sequence 0—7>l)—7>£— )■£/[)— t-O induces an exact sequence 

-^ H\C/i), /C) -^ H\C, /C) -^ H\t), ICf (3.2) 

of the 5-term sequence associated to the Hochschild-Serre spectral sequence HP{C/t), 
Hi{[), K) => HP+%C, K). Clearly, as ^-modules, the quotient modules 1C^W®W, 
on which t) acts trivially. Then H^{C/i},IC) = by Proposition 2.6, and H^{l),IC)^ 
embeds into Romm^w^^l), W ® W). So we only need to prove that Homt/(H/)(t)) W §>> 
W) = 0. 

Let / G Hom(7(vi/)(l), W W), for any n e Z, 

= fi[Lr„Cu]) = [LnJiCu)]. 

So fiCu) = 0. Similarly, /(/q) = /(Cl) = 0. Moreover, /(/„) G V™ since 
/([Lo,/™]) = [Lo, /(/„)]. 

By f{[L^rn,Im]) = [L_m, /(/„)], we can suppose that /(/„) = am(L2m(8)L_„- 
3L„ (g) Lo + 3Lo ® -^„ - L^„ (g) La™). Moreover by mf{In+m) = [Ln, f{Im)] for any 
n G Z we obtain that Om = for all 7^ m G Z. Therefore, / = 0. D 

Now we shall determine H^{C, Ti). Denote by Cc = C®C + C ® C, then Cc is 
a £-submodule of "H.The exact sequence — )> £c — )■ "H — )■ 'Hj C-c -^ induces 

^ H\C,U/Cc) -^ H\C,Cc) -^ H\c,n) ^ H\C,n/Cc) ^ . 

Clearly H^{C,n/Cc) = iU/Ccf = 0. Now we shall prove that H\C,n/Cc) = 0, 
then we have H\C, Cc) = H\C,n). 
Proposition 3.3. H\C,n/Cc) = 0. 
Proof of Proposition 3. 3. 

For any ip G Der(£, 'H/£c')o) 7^ n G Z, one can write (p{Ln) and v^(/n) as 



follows 



V9(L„) = Yl hn,iLi®In-^i+ Y. bl^Ji^Ln-i+^an,iIi^In~i, 
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where the sums are all finite, and an,i, bn,i, 6„ j G C for all i E Z. 
For any n G Z , the following identities hold, 

Li ■ (L„ (g) /_„) = (n - l)L„+i (g) /_„ - riLn » h^n, 
Li ■ {In ® L^n) = nin+i (g -^_„ - (1 + n)/„ (g) Li_„, 
Li • (/„ (g /_„) = nin+i (g /_„ - n/„ (g /i_„. 

Let A denote the set consisting of 3 symbols a, b, 6^ For each x G A we define 
Ix = max{ \p I I xi^p y^ 0}. For n = 1, using the induction on XI^ga -^a; i^ ^^^ above 
identities, and replacing (/? by (/? — -Uinn, where -u is a proper linear combination of 
Lp (g /_p, Jp (g L_p and Ip (g /_p with p G Z, one can safely suppose 

ai fc = 6i i = 6|^^. = for i ^ 0, 2, j ^ ±1, A; G Z. (3.3) 

Applying ip to [Li,L_i] = —2Lq and using the fact that (p{Lq) G C (g C, and 
comparing the coefficients of Lp (g /_p, Jp (g L_p and Ip (g /_p, we obtain 

E ((P - 2)6_i,p_i - (1 + p)6_i,p + (p - l)6i,p - (p + 2)6i,i+p) = 0, 

E Up - l)&ii,p-i - (P + 2)&li,p + (P - 2)6l,^ - (p + l)6l,i J = 0, 

pez 

E (p - l)c-i,p-i - (p - l)c-i,p + (p - l)ci,p - (p + l)ci,p+i = 0. 

p€Z 

Then 

&±i,g = bii,g = a-1,, = 0, Vg G Z. (3.4) 

Applying (/? to [L2, L^i] = —3Li, and comparing the coefficient of Lp(g/i_p, Ip®Li_p 
and Jp (g /i„p one can obtain that 

a2,p = &2,p = 4,p = 0- (3.5) 

Similarly by [Li, L_2] = — 3L_i, we have a_2,p = for all p G Z. It follows from 
this formula and (3.3)-(3.5) that ip{L±i) = ip{L±2) = 0. Thus for any n E 'L, one 
can deduce ip{Ln) = 0, since can be generated by L±i and L±2- While for /„, by 
[L_„, /„] = nio and [L„, J„] = n/„+„ we have v?(/n) = 0. 

Remark 1. The Proposition 3.2, 3.3 hold for many Lie algebras related to the 
Virasoro algebra. For example, W{a,b) = C{Lm,In \m,n E Z}, where Lm,Im,'nT' G 
Z are the centerless Virasoro, Heisenberg operators, and the twisted action is given 
by [Lm, In] = (a + bm + n)Im+n for all m,n E "Z and for some a, 6 G C see [7] for 
detail. 
Proposition 3.4. H^{C, Cc) = V, where Cc = C (g) C + C (g)C. 
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Proof of Proposition 3.4- 

For any (/? G Der(£, Cc)o, n ^ 0, from Lemma 2.1, 2.2, we suppose that 

V9(L„) = (na + 7)zi (g)/„ + (na^ + 7"f)/„(g)z|, 

ip{In) = /3wi®In + /3^In®wl (3.6) 

for some a, a'^ , (3, f3'^, 7, 7''' G C. 
By [Li,L_i] = — 2Lo we have 

ip{Lo) = 7^1 ® /o + 7^/0 ® 4 + (" + 7)^1 ® Cli + {a^ + 1^)Cli 4- (3-7) 

By [Li,/_i] = — Jq we have 

(^(/o) = I3wi ® Jo + /3Uo ® w| + (a + 7)2:1 ®Ci + (a^ + 7^)^/ ® -z}. (3.8) 

Moreover C^, ipiCu) and v^(C/) can be computed by [L2,L-2] = — 4Lo + \Cl, 
[L_i, Ji] = Jo + 2Cli and [Ji, /_i] = -Ci. Then we get ^ G r". D 

Then we get Theorem 3.1 (i). 
To prove the second part of Theorem 3.1 (ii), we need the following lemma. 

Lemma 3.5. Suppose f G V such that x ■ v E Im(l — r) for all x E C. Then there 
exists u G Im(l — r) such that v — u eC ®C. 

Proof First note that C ■ Im(l — r) C Im(l — r). We prove that after several 
steps, by replacing v with t> — -u for some u G Im(l — r), we get v E C ® C. Write 
^ = Enez^n'^n ^ Hi- Obviously, 

t;Glm(l-r) ^^ t;„ G Im(l - r), V n G Z. (3.9) 

Then Xlnez'"''^" = Lq ■ v E Im(l — r). By (3.9), nt>„ G Im(l — r), in particular, 
Vn E Im(l — r) if n 7^ 0. Thus by replacing f by f — J2nez* "^n, one can suppose 

V = Vq eVq. Write 

+ 6LoO-2 + 6"^-2^(8)Lo(modC(g)C), 

where all the coefficients are in C, z, z^ E Z and the sums are all finite. Since the 
elements of the form ui^p := Lp (g) L_p — L^p (g) Lp, ^2,? := Lp (g) /_p — /_p (g) Lp, 
M3,p := lp® I-p — I-^p ® lp, u = Lq ® z — z ® Lq are all in Im(l — r), replacing v by 

V — u, where -u is a combination of some Ui^p, ■U2,p and ^3 p, one can suppose 

Cp = 0, V p G Z; Op, rfp ^ ^ p > or p = 0. (3.10) 
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Then v can be rewritten as 

V = Yl, '^pLp ® L^p + Yl ^pLp ® I^p+ Yl, ^P^P ® ^-p 
pei+ Oj^pez pei+ 

+ 6Lo®-2(modC®C). (3.11) 

Assume a^ 7^ for some p > 0. Choose g > such that q ^ p- Then Lp+g ® L^p 
appears in Lg ■ v, but (3.10) imphes that the term L_p (g) Lp+g does not appear in 
Lq ■ V, a contradiction with the fact that Lg ■ v E Im(l — r). Then one can suppose 
Op = 0, V J9 G Z* . Similarly, one can also suppose dp = 0, V p G Z* and Cp = 0, 
\f p E 1j. Then (3.11) becomes 

v= Y bpLp® I_p + qqLq® L^ + hLQ® z mod C (g) C (3-12) 

Recall the fact Im(l — r) C Ker(l + r) and our hypothesis C ■ v <Z Im(l — r), one 
has 

= {l + T)Li-v 
= -2ao{Li O Lo + Lo ® Li) - b{Li (^ z + z (^ Li) 

+ Y {{P- ^)bpLp+i ® I-p - pbpLp (g) /i_p) + ((p - l)6p/_p O Lp+i - pbpli_p (g) Lp) . 

Comparing the coefficients, and noting that the set {p\bp j^ 0} is finite, one gets 

ao = bp = 0,p^l. 

Moreover bi = b = ii z ^ klo for some k E C, b + bi = ii z = Iq- 
Then (3.12) can be rewritten as 

V = 61 (Li ® /_i - Lo ® /o)( mod C ® C). (3.13) 

Observing (1 + r)L2 ■ f = 0, one has 61 = 0. Thus the lemma follows. 
Proof of Theorem 3.1 (ii) Let (£, [■, ■], A) be a Lie bialgebra structure on C. By 
(2.3), (2.6) and Theorem 3.1(i), A = A^. + c, where r eV (raodC^C) and a eT). By 
(2.5), Im A C Im(l — r), so Ar(-L„) + o'(L„) G Im(l — r) for n eTL^ which implies that 
a + at =7 + 7t = 0. Similarly, /3 + /3t = by the fact that A,.(4) + cr(/„) G Im(l-r) 
for n E 1j. Thus, o"(£) G Im(l — r). So Im A^ G Im(l — r). It follows immediately 
from Lemma 3.5 that r G Im(l — r) (modC (g C), proving the first statement of 
Theorem 3.1(ii). If o" G V^, one can easily verify that (1 + .^ + C,'^) ■ (1 o") ■ o" = 
by acting it on generators of C, which shows (£, [■, ■], a) is a Lie bialgebra, and the 
proof of Theorem 3.1(ii) is completed. D 
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4. Lie bialgebra structures on some other Lie algebras 

With the methods and results in Section 3, we can easily to obtain Lie bialgebra 
structures on some other Lie algebras related the twisted Heisenberg-Virasoro alge- 
bra. Although some of them were studied case by case in some papers (see [12], [8], 
[6], [9], etc.), their calculations are very complicated. 

4.L Lie algebra of differential operators of order at most one. Let Qi be 

the Lie algebra of differential operators of order at most one. Then Qi is just the 
centerless twisted Heisenberg-Virasoro algebra. 

As a vector space over C, Qi has a basis {Lm,Im.,'nT' € ^}, subject to the 
following relations: 



-'-'mi ^n 


= {n- m)Lm+ni 


/mi -'n 


= 0, 


Lmi In 


= nim+n- 



Lemma 4.1. For the Lie algebra Qi and r G ^i §>> ^i, r satisfies GYBE in (2.8) if 
and only if it satisfies MCYBE in (2.9). 

Remark 2. Let L be a Lie algebra such that H^{L; /\ L) = 0. Then any solution r G 
L /\L of the MCYBE is actually a solution of CYBE. All the following Lie algebras 
satisfy this condition, then Lemma 4-1 holds for all the following Lie algebras. 

For any 6 elements a, o;''^,/?, /3^,7,7^ G C, one can easily verify that the linear 
map g : C ^ V defined below is a derivation: 

Q{Ln) = (na + 7)/o ® /„ -F (na^ + 7'^)/„ O Jq, 

^(/„) = /3/o ® /„ + /3U„ Jo. (4.1) 

Denote Vi the vector space spanned by the such elements g over C. Let "Dj t>e the 
subspace of Vi consisting of elements g such that D{C) C Im(l — r). Namely, V^ is 

a subspace of Vi consisting of elements g with a = — a^, f3 = — /3^ 7 = — 7^ 
According to the results in Section 3, we obtain the following result. 

Theorem 4.2. (i) Der(^i, G^ ® Gi) = Inn(^i, G^ ® Gi) © V^ and H\Gii Gi ® 

Gi) = BeiiGii Gi ® ^i)/Inn(^i, Gi ® Gi) = V^. 
(ii) Let {Gil [■,■], A) be a Lie bialgebra such that A has the decomposition A^ -|- o" 
with respect to Der(^i,^i ® Gi) = Inn(^i,^i ® Gi) ® T^i, where r E Gi ® 
Gi (mode ®C) and o G T>\. Then, r G Im(l — r) and a G iy\. Furthermore, 
(£, [■,■], 0") is a Lie bialgebra provided a eV^. 
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(iii) A Lie bialgebra {Qi, [■, ■], A) is triangular coboundary if and only if A is an 
inner derivation {thus A = A^, where r G Im(l — r) is a solution of CYBE). 

Proof. 4.2(iii) follows immediately from (2.5), Definition 2.3 and Lemma 4.1. 

4.2. The Lie algebra of differential operators. Now we consider Lie bialgebra 
structures on the Lie algebra of differential operators defined in Section 2. Although 
such works for the Lie algebra of Weyl type (including the centerless Lie algebra of 
differential operators) was consider in [24], our calculation is very simple. Clearly 
Cd = C{1} is the center of Q. Moreover, we have 

Lemma 4.3. Q is generated by {t,t^^,D'^}(see [25]). 

For any 2 elements a,a'^ G C, one can easily verify that the linear map Ca,at : 
Q ^ Q ^ Q defined below is a derivation: 

Ca,at(t"') = 0, 

Ca,at(t'"L'") = anf^'D'''^ ®l + a^n- l®t'^'D''-\ 'imeZ.ne Z+. (4.2) 

Clearly C^^^^^ is an outer derivation of Der(^, Q ® Q) if a, a^ are not zeros. 
Denote V^ the vector space spanned by the such elements Ca,Qt over C Let P° 
be the subspace of V^ consisting of elements Co,at such that Co,at(^) C Im(l — r). 
Namely, V^ is a subspace of Vd consisting of elements a with a = — a^ 

With the results in Section 3, we can obtain the main results of this paper as 
follows. 
Theorem 4.4. (i) Der(^, 0^0) = Inn(^, g®g)®Vd and H\g, Q ® G) ^ Vd. 

(ii) Let {Q, [■, ■], a) be a Lie bialgebra such that a has the decomposition Ar + cr 
with respect to Der(^, Q i^Q) = Inn(^, G i^ Q) (B Vd, where r E Q ®Q (modC^ ® Cd) 
and a G Vd. Then, r G Im(l — r) and a G V^. Furthermore, {Q, [■, ■],cr) is a Lie 
bialgebra provided a G V^. 

(iii) A Lie bialgebra {Q, [■, ■], A) is triangular coboundary if and only if A is an 
inner derivation (thus A = A^, where r G Im(l — r) is some solutions of CYBE). 

Proof. For any a G Der(^, ^ ® Q), we can suppose that a{t) = 0(see [24], or [25]). 
With [t"',t] = and [t"'D,t] = t™+i, we have a{t"'),(r{t"'D) e Gi ^ Gi. Then we 
have 

Der(^i, g®g) C Der(^i, Gi ® Qi) + Inn(^i, G ® Q) (4.3) 

By Theorem 4.2, and replaced a by cr — q;Ci,o ~ <^^Co,i) one can suppose that 

a(r) = 0. (4.4) 
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By [D^t™] = mH'^ + 2mt"'D, [D^,D] = we have [aiD^),^^] = 2ma{t'^D) 
for all m G Z, and [a{D'^), D] = 0. Then can suppose that 

a{D^) = 27I ® D + 2-f^D 1 + ^ /if t-\ (4.5) 

From [D^,t"'D] = mH'^D + 2mt"'D^, we have 

ait^'D^) = 2-il®t'^'D + 2-ih'^D®l 

+ ^(^/i(if ®r-'-zr+*®f)), (4.6) 

for m 7^ 0. 

Applying a to [t"/}^, t""/}] = —3nD^ + n^D, and comparing the coefficients 
of the term f ® t"^* with lowest first degree, we get fi = ii i ^ 0. Moreover, 
— 3/on + n^(7 + 7^) =0 holds for all n 7^ 0. Then /o = and 7 + 7^ = 0. Therefore 

ait^'D^) = 27t™D ® 1 + 27^1 ® f^D (4.7) 

for all m G Z. 

Applying ct to [t^D'^,t^D] = {2n — m)f^^^D'^ + riH'^^^D, and comparing the 

coefficients of terms t™+" (g) 1 and 1 (g) t™""^", we get 7 = 7''" = 0. Therefore a = 
by Lemma 4.3. Then we get Theorem 4.4 (i). Theorem 4.4 (ii) and (iii) are easily 
proved. 

4.3. The Schrodinger-Virasoro Lie algebra. The Schrodinger-Virasoro algebra 
5D, playing important roles in mathematics and statistical physics, is a infinite- 
dimensional Lie algebra first introduced by M. Henkle in [6] by looking at the in- 
variance of the free Schrodinger equation in (l+l)dimensions: {2Aidt — d^)ilj = 0. 
The structure and the representation theory for it have been well studied by many 
authors (see [8], [13], etc.). 

The Schrodinger- Virasoro Lie algebra SD is the infinite-dimensional Lie algebra 
50 with C-basis {L„, J„, F^ |n G Z, r G Z + |} and the following relations 

[Lm, Ln\ = (n — mjLm+n + Om+nfiT^ylT^ ~ 1TL)C, 

Ti 

[Lni Yr] = [r — —)Yn+r, 

{■'-'mi ^n\ '''■'m+ni 

[Y,X:\ = {s-r)Ir+si 

[Yr, Ip] = [In, Ip] = 0. 



14 DONG LIU, YUFENG PEI, AND LINSHENG ZHU 

where m, n G Z, r, s G Z + |. 

Clearly Cg = C{/o, C} is the center of so. Denote Zg by the set {/q, C}. 

Lie bialgebra structures over the cenreless Schrodinger-Virasoro Lie algebra 
(C = 0) were determined in [8]. However, using the methods and results in Section 
3, the original proof in [8] can be greatly simplified. 

For any 6 elements a, a''", /3, /3^,7,7^ G C, Zi, zl,Wi,wl G Zg, one can easily 
verify that the linear map p : so — ?■ so §>> st) defined below is a derivation: 

p{Ln) = {na + 7)2:1 (g) /„ + {na^ + 7^))4 ® A^ 
p{In) = 2{/3wi ® /„ + /3^In ® wl), 

p(y;„i ) = /3wi ® y;_i + /3ty;_i ® ti;t, 

p(C) = 0, n G Z. (4.8) 

Denote Vg the vector space spanned by the such elements p. Let V^ be the 
subspace of Vg consisting of elements p such that p(so) C Im(l — r). Namely, V^ is 
the subspace of Vg consisting of elements p with a = — a^, /3 = —(3\ 7 = —7''" and 
zi = zl, Wi = wl- 
Theorem 4.5. {The centerless case was given in [8]) 

(i) Der(so,sO(g)SD) = Inn(sD,so (g)SD) ®Vg and iJ^(sO,so (8)S0) = Der(so,sO(8) 
so)/Inn(so,so (8)S0) = Vg. 

(ii) Let (so, [■, ■], A) be a Lie bialgebra such that A has the decomposition A^+o- 
with respect to Der(so,sO(8)SO) = Inn(s0,s0(8)S0)©r's, where r G S0(8)S0 (modC^C) 
and (7 G Vg. Then, r G Im(l — r) and D G "D^. Furthermore, (so, [■, ■],o") is a Lie 
bialgebra provided a eV^. 

(iii) A Lie bialgebra (so, [■, ■], A) is triangular coboundary if and only if A is an 
inner derivation (thus A = A^., where r G Im(l — r) is a solution of CYBE). 

Proof. Set C be the subalgebra of so generated by {Lm, Im, C}, then C is the twisted 
Heisenberg-Virasoro Lie algebra with Cli = C/ = 0, Cl = C. From the proof of 
Theorem 3.1(i), we see that the most difficulty of the proof (i) is to determine the 
terms of (p(L„), (p(/„) for ip G Der(s0,S0 (g) so)o. It is easy to prove that (p{Lq) G 
Cg ® Cg (see the proof of Theorem 3.1(i)). 
Now we suppose that 

V9(L„) = ^a„,iF^_i®F„_i+i( mod £«)£), 

V{In) = E^n,i^i-i®^n~i+i(mod £(g)£). 
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where the sums are all finite, and a„^j, bn,i € C for all i E 1j. 

Remark 3. Although C is not an ideal of SV, the terms Yj-^Yg are only obtained 
from Y ^Y , where Y = <C{Yr | r G Z + |} by adjoint actions. So we can use the 
notation x = y { mod C® C) if x — y E C® C 
With 

Li ■ (y;_i ® ri_j = (n - i)y;+i ® ri_„ - ny;„i ® r3/2-n, 

we can replace iphy ip — Uinn and suppose that 

mill) =aiQY_i®Yz +ai2Y-i®Y^i (mod C®C). (4.9) 

'22'22 

Applying ip to [L_i,Li] = 2Lo, we have a_i_j = if i 7^ 0, ±1, and 2a_i^_i + 
a_i^o + 2ai,o = a-i,o + 2a-i,i + 2ai^2 = 0. 

Applying p to [L2,L_i] = -3Li, [L_2,-^i] = 3L_i and [L2,L_2] = -4-^o, we 
obtain a±i^i = for all i E Zi, a2,p = if p 7^ 0, 1, 2, 3 a-2,q = if g 7^ —2, —1, 0, 1, and 

02,2 = ~'J^2,l = 3a2,0) C^2,3 = "02,0 = 'J^-2,-2 = ~0-2,l) 0-2,-l = ~3a_2,_2 = ~O_2,0- 

Moreover, replaced by p by suitable multiples of f «„„ for f = Yi ^Y_i —Y_i^Yi 

(here f ■ L±i = 0), one can suppose that a±2,i = for all i E Z. 

Since all L„,n G Z are generated by L±i,L±2, then we have a„^j = for all 
i G Z. However, by [L_„,/„] = uIq G C, we have [L„„,y9(J„)] = 0( mod £ §>> i3). 
Then we have p{In) = if n is even, and p{In) = bn{Y_ri Ysn — Ysn Yin) if n 

2 2 2 2 

is odd. 

Moreover, applying p to [L^, /„] = nim+n we have (/'(/«) = 0( mod £ £). 

Now, according to the proof of Theorem 3.1, for any 7^ n G Z, we can replace 
p hj p — a for some a G Vg, we can suppose that and suppose that 

p{Ln) = 0, 

V^(/„) = 0. 

It is easily to prove that p{Yj.) = 0. 

The proofs of (ii) and (iii) are same as that in [8]. D 

Denote hjY = C{Yr \ r G Z+ |}, then F is a £-module. From the proof of the 

Theorem 4.4, we obtain the following result, which is very useful in determining Lie 

bialgebra (super-bialgebra) structures on some Lie (super) algebras, for example, 

the N = 2 superconformal Neveu-Schwarz algebra, etc.. 

Corollary 4.6. H\\3, Y (g)Y) = H\C,Y (g)Y) = 0. D 

Remark 4. We can also use the above ideas to determine Lie bialgebra structures 
on some other Lie algebras and Lie superalgebras related to the twisted Heisenberg- 
Virasoro algebra, for example, the twisted Schrodinger- Virasoro Lie algebra {for 
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which, the direct calculation is very complicated, see [6]), the N = 2 superconformal 
algebra ([9]), etc.. 
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